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On the Non-Commutative Neutrix
Convolution of tan !z and z"

MONGKOLSERY LIN, BRIAN FISHER, AND SOMSAK
ORANKITJAROEN

ABSTRACT. We define regular distributions tan;1 2z and tan_ 'z from
the function tan™! z. We then evaluate some convolutions and neutrix
convolutions of these distributions and the functions z’,z” and z".

1. INTRODUCTION

In distribution theory, the convolution of distributions is rather restricted,
see for example Gel'fand and Shilov [4]. Jones [6] extended the definition of
the convolution of two distributions to cover certain pairs of distributions
which could not be convolved in the sense of Gel’fand and Shilov. For
instance, he proved that

(1) 1xsgnx = .

Fisher [3] gave a generalisation of (1) by using the Jones’s definition as
follow:

(r)? a1
‘s T\ T
" * (sgnzx.x”) = Gr 11l
for r =0,1,2,.... He later made some minor changes in Jones’s definitions
by using neutrix calculus, see [5|. He proved in [2| that
1 1
T_®ry = 5 and xy®zx_ = éxi

The idea of using neutrix calculus has opened up the research area in an-
other direction for the field of distributional convolutions. In this research, it
is of particular interest to evaluate convolution of distributions for a certain
class of distributions.

.

In the following the locally summable functions z',, z",r = 0,1,...,
tanjr1 z and tan_! z are defined by
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0, =z<0,

where H denotes Heaviside’s function. Note that
(2) " =l +(=1)"2",
(3) tan 'z = tan}' o + tan”' .

If f and g are locally summable functions then the classical definition for
the convolution f * g of f and g is as follows:

Definition 1.1. Let f and g be functions. Then the convolution f * g is
defined by

(4) (o)) = [ 7 f(t)ga — byt

for all points x for which the integral exists.

It follows easily from the definition that if the classical convolution f * g
of f and g exists, then g * f exists and

(5) frg=gxf.
Further, if (f xg)" and f x ¢ (or f'* g) exist, then
(6) (f*g) =fxg" (orf xg).

We now let D be the space of infinitely differentiable functions with com-
pact support and let D’ be the space of distributions defined on D.

The classical definition of the convolution can be extended to define the
convolution f x g of two distributions f and g in D’ with the following
definition, see Gel’fand and Shilov [4].

Definition 1.2. Let f and g be distributions in D’. Then the convolution
f * g is defined by the equation

(7) ((f x 9)(@), p(x)) = (f(y), (9(x), p(x +y)))

for arbitrary ¢ in D', provided that f and g satisfy either of the following
conditions:

(a) either f or g has bounded support,

(b) the supports of f and g are bounded on the same side.

It follows that if the convolution f % g exists by Definition 1.2, then (5)
and (6) are satisfied.
We need the following lemmas for proving the results on the convolution.
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Lemma 1.1. If

(8) I, = /tanm xdx

m=20,1,2,..., then

N
9) Iy, = Z ETae tan? "1 2 + (—1)™x + constant,
Z —
i=1
(D (Y 2
(10)  Iopmt1 = Z o tan*' x + In(1 + tan” z) + constant,
)
=1
form=0,1,2,..., where the sums are empty when m = 0.

Proof. 1t is obvious when m = 0 and m = 1 that

(11) Iy = x + constant,
L = /tanxdm = —In|cosz| + constant

1
(12) =3 In(1 + tan” ) + constant,

so that equations (8) and (9) hold when m = 0.
When m > 2, we have

(13) I, = /tanm xdx = tan™ 'z — I, .
In particular, we have
Iopmyo = tan®™ 1z — Iy,

2m+1

and on assuming that equation (8) holds for some m, it follows that equation
(8) holds for m + 1. Equation (8) follows by induction.
Equation(9) follows similarly. This completes the proof of the lemma. [

Lemma 1.2. If

x
(14) Ti(z) = / t* tan~1 tdt,
0
k=0,1,2,..., then
(15)
k
1 3 (_1)k—z ) (_ )k—l—l
T _ 21—l 2 (1 + 22
k() 1 |” an” " x ; 5 %t n(l+z%)|,
where the sum is empty when k=0 and
(16)
T 1 2%+2 , —1 N DF tan—
2k+1(m)—2k+2 x tan x—; 1" + (—Dtan" "z |,
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where the sum is being empty when k =0, 1.

Proof. Integrating by parts by parts and then making the substitution ¢ =
tan u, we have

Ty(z) = / tF tan =1 tdt

0
1 1 tan—1 x
= m$k+1 tan_l xr — m / tank+1 udu
0
It follows that
1 2k+1 -1 1 tan”" @ 2k+1
2k =0 e — )
(17) Tor(x) ST tan” "z ST tan udu
0
1 2k+2 -1 1 tan " @ 2k+2
opt1(r) = ——=x nr—-———0r n udu,
(18)  Towra (o) 2k 4 2 ta 2k + 2 ta d
0

for k=0,1,2.....
It now follows from equations (10) and (17) that

-1 k—1 ) 1 k+1
( 2) $2Z—|—( 2) 1H(1—|—$2)
2

1 k
_ 2k+1 ., —1
= t

2k +1 an

Tor(x) x x —

i=1

Similarly, it follows from equations (9) and (18) that

1 2%+2 1 ‘ (=D o k 1
TQk.’.l(.’E) = m T + tan " x — ’LZ; m]? vt + (—1) tan " x| .
This completes the proof of the lemma. O

Theorem 1.1. The convolution (taunjr1 x) * o', exists and

(19) (tanj' @)« =) (;) (—D)ka" "k Ty (),

k=0
forr=0,1,2,....

Proof. 1t is obvious that (tam;1 x)* 2’ =0if 2 <0. When x > 0, we have

T

tan~!t(z —t)"dt

<T>(—1)k$rk/ tF tan 1 tdt
o \F 0

(1)t i

proving equation (19). O

(tan}' @) x 2’ =

%o\

Il
S 1M

k=
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Corollary 1.1. The convolution (tan™' z) x 2" ezists and

,
(20) (tan="! =-3 <r> kT (2),

k=0
forr=0,1,2,....
Proof. Equation (20) follows on replacing x by —z in equation (19) on noting
that Ty,(—2) = (—1)*Ty(x). O

Corollary 1.2. The convolution (1 +22)7! x 2", and (1 +22)=" x 2" ezist

and

r—1
(21) (1+=x ) * ! = TZ <T ; 1) (—l)kxi_k_lTk(x)a

k=0
(22) (1422 txz TZ( ) rh1T(2),
forr=0,1,2,..., where the sums are empty when r = 0.

Proof. Equation (21) follows from equations (6) and (19).
Equation (22) follows from equations (6) and (20). O

2. THE NEUTRIX CONVOLUTION

The definition of the convolution of distributions is rather restrictive and
so the non-commutative neutrix convolution of distributions was introduced
in [1]. In order to define the neutrix convolution product we first of all let 7
be a function in D satisfying the following properties:

(i) 7(z) = 7(—x),
(i) 0 < 7(x) <1,

(iii) 7(z) =1 for \$| <1

(iv) 7(z) =0 for |z| > 1.

The function 7, is then defined by

b X f— n?

1 <

Tn(x) = T( " n+1)’ T >mn,
r(n"x + "), < —n,

formn=1,2,....
The following definition was given in [1].

Definition 2.1. Let f and g be distributions in D’ and let f,, = f7, for
n = 1,2,.... Then the neutriz convolution f ® g is defined as the neutrix
limit of the sequence {f, * g}, provided that the limit A exists in the sense
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for all ¢ in D, where N is the neutrix, see van der Corput [5]|, having do-
main N’ = {1,2,...,n,...} and range N”| the real numbers, with negligible
functions being finite linear sums of the functions
Pln"tn, In"n (A>0,r=1,2..)

and all functions which converge to zero in the usual sense as n tends to
infinity.
In particular, if

Jim (fn * g,0) = (b, )
for all ¢ in D, we say that the convolution f * g exists and equals h.

Note that in this definition the convolution f,, * g is as defined in Gel’fand
and Shilov’s sense since the distribution f,, having compact support. Note
also that because of the lack of symmetry in the definition of f ® g, the
neutrix convolution is in general non-commutative.

The following theorem was proved in [1], showing that the neutrix convo-
lution is a generalization of the convolution.

Theorem 2.1. Let f and g be distributions in D' satisfying either condition
(a) or condition (b) of Gel’fand and Shilov’s definition. Then the neutriz
convolution f ® g exists and
f®g=1Ffxg.
The next theorem was also proved in [1].

Theorem 2.2. Let f and g be distributions in D' and suppose that f & g
exists, then the neutriz convolution f ® ¢’ exists and

(feg)=feyg.
Note however that (f ® g)" is not necessarily equal to f' ® g, but we do
have the following theorem, which was proved in [2].

Theorem 2.3. Let f and g be distributions in D' and suppose that f & g
exists. If N—lUm((f7)) x g, ) exists and equals (h,p) for all ¢ in D, then
n—oo

the neutriz convolution ' ® g ewxists and
(feg) =f®g+h
We also need the following lemmas for proving results on the non-commutative
neutrix products.

Lemma 2.1.

5 r=0,
(23) N—lim(n" tan™" n) = <2k>+1, =2k 41,
0, r=2k+2,

r=0,1,2,....
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Proof. Note that when n tends to infinity, we would have

- ™ 1 1 (1) —2k-3
t lpy=2_-4 - 4.4 Y7 0 .
e R R R (2k + 1)n2k+1 +0(n )
Equation (23) then follows. O

Lemma 2.2. The neutriz limit of Tor(n) and Toyy1(n) exist and

( 1)I<:+1
(24) N—lim Ty (n) = k12

1)k
(25) Nn_}lmTQk+1( ) ((]{:1—?—)
fork=0,1,2,....

Proof. Equation (24) follows from equations (15) and (23).
Equation (25) follows from equations (16) and (23). O

We now prove the following theorems.

Theorem 2.4. The neutriz convolutions (tan:Ll z)® 22+ and (tan}'z) ®

z2" exist and
B "2+ 1\ (—1)F
1 2r+1 2r—2k+1
(tan}" o) ® 2 :Z< 2%k )(%H)?x !
k=0
2r + 1\ (=17 o o
(26) +Z<2k+1> k+1)
2r\ (=DF
1 2r 2r—2k
(tani o) ® z Z <2k> 2k + 12"
)kW 2r—2k+1
(27) +Z<2/€1> pp pAr
forr=0,1,2,....

Proof. Put (tan}'z), = (tan}' z)7,(z). Then the convolution (tan;'z), *
2r+1
x

(28)
n n+n-
tan ' x), x 22T = tan" t(x — £)7 At + tan~tt(z — ¢)*H
* 0
n

=J1+ Jo.

exists and

n

o (t)dt
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It is easily seen that

2r+1
2r + 1 n
e < T}j )(—1)%2"—“1/0 t* tan~1 ¢dt

k=0

2r+1
(29) _ Z <2Tl:- 1) (_1)kw2r77€+1Tk(n)

k=0

2k+1
It then follows from equations (24), (25) and ( 9) that

N—lim J; = (27’k ) (— ) mQr—2k+1
k=0

n—o0 2 k+1)2
(30) , .
(27“ + 1) (=1 T 2r—2k

— 2k+1) 4(k+1)

forr=20,1,2,....
Further, it is easily seen that
(31) lim Js = 0.
n—oo

Equation (26) then follows from equations (28), (30) and (31).

Equation (27) follows from equation (26) on using Theorem 2.2.

1 $)®x2r}

Corollary 2.1. The neutriz convolutions (tan"! z)®z>"+1, (tan”
(tan~' z) ® 22"t and (tan~' ) ® 22" exist and

'
- 2r+1\ (=DF o ok
(tan,l l’) ® 1,27‘4-1 — < )ZL‘ T +
> (

2
2\ 2k )@k + 1)
2r+1 DEr o
32 -
(82) +Z<2k+1> CES
B 2r\ (=1)F _
1 2r __ 2r—2k
(tan”" x) ® x _kz<2k>(2k+1)2$
—1)kr 2r—2k+1
(33) * Z 2k ~1) 4k " ’
_ 2r + 1\ (=1)*x o,
A tan—1 2r+1 _ 2r—2k
(34) (tan”"z) & @ o%k+1) 2(k+1)
- . 2r (=1)Fx 2r—2k+1
(35) (tan' z) ® 2% = ( )x Tkl
P 2k — 1 2k

forr=0,1,2,....

T T
2r+1\ o 2r+1Y\ 5.
= < ) 2?2y () — ( ) 222Ky (n).

g
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Proof. Equations (32) and (33) follow on replacing by —x in equations
(26) and (27), respectively.

Equation (34) follows from equations (3), (26) and (32).

Equation (35) follows from equations (3), (27) and (33). O

Corollary 2.2. The neutriz convolutions (tanj_1 2rtl Loy@a?,

(tan='z) ® 25" and (tan”' x) ® 2% ewist and

r)®xr T, (tan]

.,
B 2r +1\ (=1)F _
tan~ 1 2r+1 _ Z 2r—2k+1
(tan"z) @ 2= o\ 2k ) (2k+ 12"
2r+1

2 1\ (—1)Fm o, 2r+1 k. 2r—k
(36) +,€Z:0<2k+1>4(k+1)$2 2’“+kzzo< A >(—1) 22 R (2),

N "L /20 (1),
1 2r 2r—2k
(tan} " z) ® 2" = E_ <2k>(2k+1)2w

2r

(37) +Z(%_1)( e Z(zkr><—1>’“x?:’“Tk(:c>,

k=0
2r + 1\ (=1)F _
t 2r+1 __ 2r—2k+1
(ten>" 2) ® 3 ;;)< 2%k >(2k+1)2x
2r+1 1)k+17f £ A P
k=0

(tan"'2) ® 22" = kz (;Z) (2(k:i)1k)2 22k
(39) + Z <2k > 4; T op2r—2k+1 Z ( ) 2T (),

forr=0,1,2,....

Proof. We have from equation (2) that
(40) (tan}'z) ® 2" = [(tan ' @) * 2] + (=1)"[(tan}' z) ® 2",

forr=0,1,2,....

Equation (36) follows from equations (19), (26) and (40).

Equation (37) follows from equations (19), (27) and (40).

Equations (38) and (39) follow on replacing x by —z in equations (36)
and (37), respectively, on noting that Tj(—z) = (—1)FTj(z). O
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1

Theorem 2.5. The neutriz convolutions (1+22);'®@2?+! and (1+22);'®

%" exist and
N 2r + 1\ (=) (2r —2k+1) o,
14+ 221 @ 22+ — 2r—2k
(1+27) @ kzo 2% (2k + 1)2 v
" zr: 2r + 1\ (1)1 (r — k)ﬂ-xQT—Qk—l
2%k + 1 2(k + 1)
2+ 1\ (=% 5 op | T op
41 T - T
(41) +kz(2k+1>2k+1x T
B 2r\ (=D)*12(r — k) 5 o
14 221 @22 — 2r—2k—1
1+ @z kzo(%) 2k+1)2 "
—/ 2 —DkL(2r — 2k — 1)
i Z r ( r 7T$2(r—k—1)
2 \2k +1 Ak +1)
: 2\ (D" ook @r4Dm o,
42 T N T T
(42) +k_0<2k+1>2k+1‘” T
forr=0,1,2....

Proof. Put [tan}' z],, = (tan;' )7/ (z). Then the convolution [tani' ], *

221 exists and

n+n="
[tan;! 2], « 2* 1 = / tan"!t(z — t)* L7 (t)dt.
n

If now ¢ is an arbitrary function in D whose support containing in the
interval [a, b], we have

b pntn="
([tantz ], * 22 o(z)) = / / tan~ 1 t(z — t)2 7! () p(x)dtdz
b m4n™" "
- / / [(2r +1)(z —t)* tan~ ' ¢
3)

—(1+) "z -t m(t)p(z)dtdr — tan ' n /b(x —n)? T y(z)d,

where

b 2r+1
2 + 1
tan_ln/ (z =) p(x)de = ) ( ' >( DFnF tan™ n(z? 71 ()

k=0 k

T
2 1
_ ( TQZ >n2k tan~ (@221 o(z))
k=0
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2r+1 _ _
(44) — Z (Qk N 1) 2L tan = n (227 2% p(z)).

Applying the neutrix limit in equation (44) and using equation (23), give

b
N—lim tan~! n/ (z —n)*op(z)dz

n—o0

w "L 2r 1 ()R,
45 — o o2r+1 2r—2k .
(45) <2x ;<2k+1> TR
It follows from equations (43), (44) and (45) that
N—-lim <[tan+ ]y * 22 (7))

n—oo
— (2r + 1 (—1)F*! m

10) B <kzzo <2J<;J+r 1) (2k)+1"’“°2r_2k —= S0(””)> :

We have from Theorem 2.2 that
(47) (tani'z) ® 2¥ ) = [(1 +2?)7' ® 22T + h(z),
where

~ (2r + 1) (=1)F*! ™

(18) o =3 R e

Equation (41) then follows from equations (26),(47) and (48).

Equation (42) follows from equation (41) on using Theorem 2.2. O

Corollary 2.3. The neutriz convolutions (1+x?)"*®a" and (1+22)"®a"
exist and

(1+422)" @ a2+l = Z <27“ + 1) 1)’;(27" —2k+1) ook

2k + 1)
n Z 2r + 1 (=1 (r — )T ar—ok—1
2k +1) " 2(k+1)
S 2r 1N (SR T s
4 N -7 T 7 T
(49) +k0<2k+1> kr1. T2t

_ 2\ (—D)R2(r — k) o o
14221 @ 22" — 2r—2k—1
(I+27) @ : 0(%) 2k+12

N : < 2r >( DFY2r — 2k — )7 L20r—k-1)
2 \2k +1 Ak + 1)
r—1
2r \ (DR o gy @rA DT,
50 N 7 T N T T
(50) + (2k+1> 2k+1 Ty

k=0
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(51)
_ " (2r 4+ 1\ (D) (= k)T g
14+ 221 @ g2+ — 2r—2k—1 241
(1+29)" @ 2 2% + 1 k+1 +EE
r—1
_ 2r \ (=) (2r — 2k — D)7
2\—1 2r _ 2(r k—1)
(1+a)" @z Z<2k+1> 2(k + 1)
k=0
(52) + (2r + 1)ma®”
forr=0,1,2,....

Proof. Equations (49) and (50) follow on replacing x by —z in equations
(41) and (42), respectively.
Equation (51) follows from equations (41) and (49) on noting that

(
I+t e =1 +2) @™ + (1 +2?) 2 @
Equation (52) follows from equations (42) and (50) on noting that
I+2) e =(1+2) @ + (1 +2H) @™
|

Corollary 2.4. The neutriz convolutions (1—}—1:2)_7_1@95’_ and (1+22) ' @27,
exist and

"2+ 1\ (=D)k(2r — 2k +1
(1+x2);1®x2r+122<r+>( ) {2r—2k+1) 5

2
o\ 2k (2k + 1)
—(2r+ 1\ [(CDFr = k)T o oy | (CDF o o
+k20<2k+1>{ ok +1) Tk ”
(53)
2r
T 2r _
_ §x2r+1 4 (27‘ + 1) Z <k‘ > (—1)kx3_7‘ ka(SU),
k=0
_ "2\ (—DFFR2(r — k) o o
2\—1 2r __ 2r—2k—1
(1+27), @ oz _Z(2k> 2k+ 12 "
k=0
(DR @2r =2k = D1 o5 pq) , (ZDF ooy
+Z<2k+1>{ Ak +1) ’ IS
(54)
2r—1
2+ D7 o, 2 — 1 .
k=0
_ "m0\ (DR =2k 4+ 1) o,
14+ 221 @ 22+ — 2r—2k
A+ el =) {7y 2k+12 ¢

k=0
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L 2r+1
+2
£ \2k + 1

2r
2
P )Y <k> 2R (@),

k=0

_ "2\ (—D)R2(r — k) 5 op
14221 @2 — 2r—2k—1
(1425 @] ,}0 (2k> ok 1E "

(—1)k+1(7“ - k)ﬂ—xZTkafl + (_1)k+1 p2r—2k
2(k+1) 2k +1

(55)

r—1
n (=D (2r — 2k — 1)7Tx2(r7k71) n (—DFH L2r—2k-1
2 2k+ A(k + 1) ok + 1
(56)
2r—1
2r+ D7 o 2r =1\ 9 p
+ T 2r Z p)E- Ti(x),
k=0
forr=0,1,2,....

Proof. We have
(57) (1 T+ ) @ZL‘QT—H (1 +x ) ®x27’+1 (1 +x ) ®x2r+1

Equation (53) then follows from equations (21), (41) and (57).
Equation (54) follows from equation (53) on using Theorem 2.2.
Equations (55) and (56) follow on replacing z by —z in equations (53)

and (54), respectively, on noting that Tj(—z) = (—1)FTj(z). O
Lemma 2.3.
5 r=20,
. -1 — ) 72kt (=D 2(k—i —
I\TTL;l;om[(x—i—n)T tan™" (z+n)] = { T2 + Sk 0 2z+1 g2(k=i) r=2k+1,

1 i+1 o
T2 g Y G g2k = 9 42,

r=0,1,2,....
Proof. Note that if x is fixed and n tends to infinity, we would have
_ | 1 (—1)k+1 op—
tan™! = 0 3.
an” (z+n) 5 x+n+3(x—|—n)3+ +(2k:+1)(x+n)2k+1+ (n )
The proof of the lemma then follows. (|

Lemma 2.4. The neutriz limits of Tog(x + n) and Topy1(x + n) exist and
a2kt (_1)k+1 k (_1)k—i+1x2i
N—lim 7: = —_—
STt n) = sy Yo 22 2i(2k — 2i+ 1)

= Gk($)7




14 ON THE NON-COMMUTATIVE NEUTRIX CONVOLUTION OF tan~ !z AND z"

for k=0,1,2,..., where the sum is empty when k =0 and

k2 )k k 1)k—itlg2i+1
N-lim o +n) = oy + +Z§ 2z+1 )(2k — 2i + 1)
= I (),
fork=0,1,2,....
Proof. Equation (58) follows from equations (15) and (2.3).
Equation (58) follows from equations (16) and (2.3). O

Theorem 2.6. The neutriz convolutions x*"t1 ® tam_T_1 x and ¥ ® tanj_l T

exist and

(58)
T T
2 1 2 1
22+l ® tanjrl T = ( 7”2‘];‘ >x2r2k+le(x) _ <217;::: 1> 3727"72ka($)7
k=0 k=0
(59)
r r—1
2r 2r—2k 2r—2k—1
t E
z”" ® tan ( > Gi( Z (2k+ > k(),
k=0 k=0
forr=0,1,2,....
Proof. We put (x?"+1),, = 22" *17,(z) for r = 0,1,2,.... Then the convolu-

tion (2 +1), * tan_T_l x exists and

2r+1 -1 _. v -1 2r+1
N =
("), xtanl " x tan™ " t(x — )7 dt
0

rz+n+n—"
(60) + / tan~ ! t7, (z — t)(x — t)>"T1dt
T+n
where
2r+1

2r 41 vk
T; >(—1)kac2’"_k+1/ t* tan =1 tdt
0

1
= Z ]:_ > (=1)Fa?=*HT (2 +n)
k=0
" (2r 1
_ r+ 22T (1 4 )
2k
k=0
— (20 + 1\ oo
(61) <2I€ n 1)56 Topy1(x +n).
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It follows from equations (58), (58) and ( 61) that
N—lim tan~ 1 t(x — ) Hdt = ( T >x2r2k+1Gk(x)
n—o0 0 -0 Qk
T
2r+1 _
(62) _ <2k N 1> QJ‘QT Qka(l‘)
k=0
Further, it is easily seen that
z+n+n="
(63) N—lim tan "' t7, (z — t)(x — t)*dt = 0.
n—oo z+n

Equation (58) then follows from equations (60), (62) and (63).
The proof of equation (59) is similar to the proof of equation (58). O

Corollary 2.5. The neutriz convolutions x>’ ® tan~tz, 22" ® tan"'z,

2t @ tanl 2z and 22" ® tan—1 = exist and

" /or+1
x2r+1 ® tan:l r=— kzo < o )x2T2k+1Gk(—Z)

(64) - Z <§]: ::: i) x2r—2ka(_z)’

2
¥ @ tan"lr = — Z (2;) 2 G (—x)
k=0
r—1

(65) B Z <2k‘2—7|: 1> er—Qk—le(_l‘)’

k=0
r+1

_ 4 2r 4+ 1\ w(—1)Fa?—2k
66 27‘+1 t 1 — 2T+2
(66) ™" @ tan™"x 2r—|—2 +Z % +1 % +2

o 1 22r+1 27"—}—1 1)kx2r72k71
67 tan~lz =
(67) a7 @tan"w 2r+1 +Z<2k+1> k2

forr=0,1,2,....

Proof. Equations (64) and (65) follow on replacing x by —z in equations
(58) and (59), respectively.
Further, we have

(68) " ®tan ' x =2 ®tan} 'z + 2" ® tan_' z,
forr=20,1,2,... and

) — T 2k+1
(69 Gu(—) = Gula) — 50,




16 ON THE NON-COMMUTATIVE NEUTRIX CONVOLUTION OF tan~ !z AND z"

o T gy, T(=D)*
(70) Fi(—x) = —Fy(x) + w2’ tarra

k=0,1,2,...
Equation (66) follows from equations (58), (64), (68), (
Equation (67) follows from equations (59), (65), (68), (

69) and (70).
69) and (70). O

1

Corollar 2 6. The neutrim convolutz’ons 2t e tan ", 22" ® tan, :L'
y +

ZTH ®tan_'z and 93 " ®tan"'z exist and

2r +1 L (or+1
2 +1 2r—2k+1 2r—2k
@ tan s = E < ok )x 4 Gi(x) +,§_0 <2k+ 1>£U "R By ()

k=0
2r+1
2 +1 i
7 £ 3()nerne,
2% ® tan ' x = Z 2r ¥R Gy () — i 2r ¥R (x)
B * 2k . 2k + 1
k=0 k=0
2r o
(72) =Y () ettt ),
k=0
~ (2r+1 ~ (2r+1
241 -1, _ 2r—2k+1 22k (_
z T ® tan_ m—Z( ok )x Gr(—x) — <2k+1>w Fi(—x)
k=0 k=0
2r+1
2 1
(73) - (e ),

— <2k — 2k+1
2 (o
(74) +3 (3)e o)
k=0
forr=0,1,2,....
Proof. We have from equation (2) that
(75) 2" ®tan, 'z = (2%, ® tan ' @) + (—1)"(z" ® tan ' @),
forr=20,1,2,....

Equation (71) follows from equations (19), (58) and (75).

Equation (72) follows from equations (19), (59) and (75).

Equations (73) and (74) follow on replacing = by —z in equations (71)
and (72), respectively, on noting that

Ti(—z) = (=1)* Ty (z).
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